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1. INTRODUCTION
In the following, we consider the nonautonomous Lotka]Volterra type
system with infinite delays
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together with the following assumptions:
 .  .  .  .A1 b x is continuous such that b 0 s 0, b x ) 0 for x ) 0.i i i
 .  .  .  .A2 r t , a t , and b t are bounded, continuous for t G 0;i i i jl
 .a t ) 0 on 0 F t - `.i
 .  .  .A3 t t is continuously differentiable for t G 0; t t G 0 andi jl i jl
 .t t - 1 on 0 F t - `.Çi jl
 .  . <  . <A4 b t, s is continuous with respect to t; b t q s, s is inte-i j i j
w . ` <  . <grable with respect to s on 0, ` ; and sup H b t, s ds - `.t G 0 0 i j
We consider initial conditions of the form
< <x u s w u G 0 on y` - u - 0; w 0 ) 0; sup w u - `, .  .  .  .i i i i
y`-uF0
1.2 .
 .  xwhere w i s 1, 2, . . . , n is continuous on y`, 0 .i
 .  .Systems like 1.1 ] 1.2 are important in the models of multi-species
population dynamics. There are considerable works on the theory of global
asymptotic stability of Lotka]Volterra type systems with delay that have
w xbeen developed by 2, 3, 5, 7]11 . In addition to these, the books of
w x w xGopalsamy 4 and Kuang 6 are good sources for global attractivity of
Lotka]Volterra systems. One of the reasons for considering this topic is
that most of the stability results for Lotka]Volterra systems with delay are
focused on global asymptotic stability of a positive steady state and it
seems to us that there are several interesting open problems in more
general equations without steady state solutions. Secondly, in his recent
w xwork 7 , Kuang established sufficient conditions for the global asymptotic
 .  .stability of 1.1 ] 1.2 without infinite delay and time delays as well. Doing
this, he does not assume that the system has a saturated equilibria.
However, in the case of infinite delay, his method does not work}even if
it has a saturated equilibria. So, this difficulty has been left as an open
problem by him.
The main purpose of this work is to give sufficient conditions for global
 .  .asymptotic stability of 1.1 ] 1.2 . The sufficient conditions obtained in this
w xpaper are weaker than those available in 7 . The method used herein is
 .new and more general because it can be also applied to system 1.1
without infinite delay and time delays.
In this paper we do not deal with the existence and uniqueness of the
solutions. We assume that some additional conditions are satisfied for the
 .  . w .functions b such that the solutions of 1.1 and 1.2 exist on 0, ` . It isi
worth noting that the uniqueness of the solutions are not needed in our
results.
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w xIn 3 , Gopalsamy obtained sufficient conditions for the global attractiv-
ity of a positive steady state of the following constant coefficients system
with infinite delay,
n ndx t .i s x t b q a x t q b x t y t .  .  . i i i j j i j j i jdt js1 js1
n
t
q c k t y s x s ds , i s 1, 2, . . . , n , .  . Hi j i j j /y`js1
 .which is a special case of 1.1 providing that a s 0 for i / j. In this case,i j
 .  .our hypothesis iii with c s 1 i s 1, 2, . . . , n immediately reduces to thei
w xrelevant hypothesis by Gopalsamy 3 :
n n `
< < < < < < < <a - 0; a ) b q c k s ds, i s 1, 2, . . . , n. .  Hi i i i ji ji ji
0js1 js1
w xOn the other hand, Wang and Zhang 11 considered an infinite delay
 .Lotka]Volterra system which is also a special case of 1.1 . Indeed, it can
 .   ..  .  .be obtained from 1.1 when b x t s x t , l s 1, and b t, s si i i i j i j
 .  .  .b t k s in 1.1 . They also investigated the same problem of a positivei j i j
equilibrium. It should be noted that their sufficient conditions can be
verified when the parameters are given.
Our method is based on finding a bounded function K ) 0, i si
1, 2, . . . , n, satisfying an equation which is a suitable perturbation of Eq.
 .1.1 . In some special cases our conditions can be easily checked and
reduced to some well known results. The Lyapunov functional applied in
the proof of our main result is based on an essential modification of the
w xLyapunov function which was introduced by Kuang 7 .
2. MAIN RESULTS
Now we state our main result below.
 .  .THEOREM 1. In addition to A1 ] A4 , assume further that
 .  .  .i all solutions of 1.1 ] 1.2 are positi¨ e on 0 F t - `;
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 .  .  .ii all solutions of 1.1 ] 1.2 are bounded on 0 F t - `;
 .iii there exist c ) 0, i s 1, 2, . . . , n, such that for i s 1, 2, . . . , ni
l y1jin < <b c t . .ji l ji l
lim inf c a t y c .  i i j y1tª` 1 y t c t .Ç  .js1 ls1 ji l ji l
`
< <q b t q s, s ds ) 0, .H ji /0
y1 .  .  .where c t is the in¨erse function of c t s t y t t ;ji l ji l ji l
 .  .iv there exists K t ) 0, i s 1, 2, . . . , n, continuously differentiablei
and bounded on 0 F t - ` such that
ÇK t s b K t r t y a t K t .  .  .  .  . .i i i i i i
li jn
q b t K t y t t .  . .  i jl j i jl
js1 ls1
n `
q b t , s K t y s ds q b K t k t , 2.1 .  .  .  .  . . H i j j i i i
0js1
 . w . ` <  . <where k t is bounded on 0, ` and H k t dt - `.i 0 i
 .   .  .  ..T  .Then for any solution x t s x t , x t , . . . , x t of Eq. 1.1 one has1 2 n
< <lim x t y K t s 0, i s 1, 2, . . . , n. 2.2 .  .  .i i
tª`
 .   .  ..Proof. Consider the function V t s V t, x t , . . . , x t defined by1 n
li jn n n n n
1. 2. 3.V t s c V t q c V t q c V t 2.3 .  .  .  .  .     i i i i jl i i j
is1 is1 js1 ls1 is1 js1
for t G 0, where
ds .x ti1.V t s i s 1, 2, . . . , n , 2.4 .  .  .Hi b s . .K t ii
< y1 <b c s . .t i jl i jl2. < <V t s x s y K s ds .  .  .Hi jl j jy1 . 1 y t c s .tyt t Ç  .i jl i jl i jl
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j s 1, 2, . . . , n; l s 1, 2, . . . , l , 2.5 . .i j
` t3. < < < <V t s b u q s, s x u y K u du ds, 2.6 .  .  .  .  .H Hi j i j j j
0 tys
 .   .  .  ..T  .  .in which x t ' x t , x t , . . . , x t is a solution of 1.1 ] 1.2 , and1 2 n
 .   .  .  ..T  .K t ' K t , K t , . . . , K t is a function such that iv holds.1 2 n
q  .  .Calculating the upper right derivative D V t of V t along the solu-
 .tions of 1.1 , we get
n
q q 1.D V t s c D V t .  . i i
is1
li jn n n n
2. 3.Ç Çq c V t q c V t 2.7 .  .  .    i i jl i i j
is1 js1 ls1 is1 js1
a.e. t G 0 where
Çx t K t .  .Çi iq 1.D V t s y sgn x t y K t .  .  . .i i i /b x t b K t .  . .  .i i i i
< <s ya t x t y K t .  .  .i i i
li jn
< <q b t x t y t t y K t y t t .  .  . .  .  i jl j i jl j i jl
js1 ls1
n `
< <q b t , s x t y s y K t y s ds .  .  . H i j j j
0js1
yk t sgn x t y K t , a.e. t G 0, .  .  . .i i i
< y1 <b c t . .i jl i jl2.Ç < <V t s x t y K t .  .  .i jl j jy11 y t c t .Ç  .i jl i jl
< < < <y b t x t y t t y K t y t t , t G 0, .  .  . .  .i jl j i jl j i jl
`
3.Ç < < < <V t s b t q s, s x t y K t .  .  .  .Hi j i j j j
0
< < < <y b t , s x t y s y K t y s ds, t G 0. .  .  . .i j j j
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 .Putting these results in 2.7 and simplifying, we have
n n
q < < < <D V t F y c a t x t y K t q c k t .  .  .  .  . i i i i i i
is1 is1
l y1i jn n < <b c t . .i jl i jl
< <q c x t y K t .  .  i j jy11 y t c t .Ç  .is1 js1 ls1 i jl i jl
n n `
< < < <q c b t q s, s ds x t y K t .  .  .  Hi i j j j /0is1 js1
l y1jin n < <b c t . .ji l ji ls yc a t q c .  i i j y1 1 y t c t .Ç  .is1 js1 ls1 ji l ji l
`
< < < <q b t q s, s ds x t y K t .  .  .H ji i i/0
n
< <q c k t for a.e. t G 0. 2.8 .  . i i
is1
 .Integrating both sides of 2.8 with respect to t,
n
t
V t q c a h .  . H i i
0is1
l y1jin < < `b c h . .ji l ji l
< <y c q b h q s, s ds .  Hj jiy1 /1 y t c h . 0Ç  .js1 ls1 ji l ji l
< <? x h y K h dh .  .i i
n
t
< <F V 0 q c k s ds, t G 0. 2.9 .  .  . Hi i
0is1
 .  .By hypothesis iii , there exists a constant a i s 1, . . . , n such thati0
l y1jin < <b c t . .ji l ji l
c a t y c .  i i j y1 1 y t c t .Ç  .js1 ls1 ji l ji l
`
< <q b t q s, s ds G a ) 0 2.10 .  .H ji i0/0
for large t.
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` <  . <  .Moreover, since H k t dt - `, i s 1, . . . , n, it follows from 2.9 that0 i
n
t
< <V t q a x h y K h dh F C 2.11 .  .  .  . Hi0 i i
0is1
 .for some constant C ) 0. Therefore, V t is bounded on 0 F t - `, and
also
`
< <x h y K h dh - `, i s 1, . . . , n. 2.12 .  .  .H i i
0
 .  .By ii and iv ,
< <x t y K t , i s 1, . . . , n , is bounded on 0, ` . 2.13 .  . .  .i i
On the other hand, from the hypotheses of the theorem, it is easy to see
Ç .  .  .that x t and K t i s 1, . . . , n are bounded for t G 0. Therefore,Çi i
< <x t y K t , i s 1, . . . , n , is uniformly continuous on 0, ` . .  . .i i
2.14 .
 .  .  .From 2.12 , 2.13 , and 2.14 , we get
< <x t y K t ª 0 as t ª ` 2.15 .  .  .i i
 .which means 2.2 . The proof of the theorem is complete.
The following theorem gives the sufficient conditions for the solutions of
 .  . w .1.1 ] 1.2 to be positive on 0, ` .
 .  .  .THEOREM 2. Assume A ] A in system 1.1 . If1 4
du1
i 9 s q` i s 1, . . . , n , 2.16 .  .  .H
q b u .0 i
  .  .  ..T  .  .then a solution x t , x t , . . . , x t of 1.1 ] 1.2 satisfies1 2 n
x t ) 0 for all t G 0 i s 1, . . . , n . 2.17 .  .  .i
 .  .Proof. Obviously, a solution x t , i s 1, . . . , n, of 1.1 with initiali
 .condition 1.2 satisfies
x 0 ) 0 i s 1, 2, . . . , n . 2.18 .  .  .i
 .Suppose that 2.17 is not true. Then there exist i and T such that0 0
x t ) 0 for 1 F i F n and 0 F t - T .i 0
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and
x T s 0. .i 00
 .  .Putting x t into 1.1 and then integrating with respect to t, we geti0
x h dh .Çt ti0 s r h y a h x h .  .  .H H i i i0 0 0b x h .0 0 .i i0 0
l jin 0
q b h x h y t h .  . .  i jl j i jl0 0
js1 ls1
n `
q b h , s x h y s ds dh for 0 F t - T . 2.19 .  .  . H i j j 00
0js1
 .  .By 2.16 , the limit of the left side of 2.19 is
x h dh du .Çt  .x ti0 i0lim s lim s y`.H Hy y b u .b x htªT tªT  . .0 x 0 .0 0 ii i i 000 0
 .On the other hand, the limit of the right side of 2.19 is a constant as
y  .t ª T . This is a contradiction and so x t ) 0, i s 1, . . . , n, for t G 0.0 i
The following theorem gives sufficient conditions for the solutions of
 .  . w .1.1 ] 1.2 to be bounded on 0, ` .
 .THEOREM 3. Assume that all assumptions, expect ii , of Theorem 1 are
satisfied. If
q` 1
ii 9 du s q` 2.20 .  .H b u .1 i
 .  .for i s 1, 22 . . . n, then e¨ery solution of 1.1 ] 1.2 is bounded on 0 F t - `.
 .  .Proof. Let us consider the same function V t defined by 2.3 along
  .  .  ..T  .  .  .any solution, say x t , x t , . . . , x t , of 1.1 ] 1.2 . By 2.11 , we know1 2 n
that
V t F C for t G 0, 2.21 .  .
where C is a positive constant.
Therefore, we get
ds .x ti F C9 on 0, ` 2.22.  .H b s . .K t ii
for i s 1, 2, . . . , n, where C9 ) 0 is a constant.
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 . w .  .Since K t is bounded function on 0, ` , from 2.20 , it follows thati
x t is bounded on 0, ` 2.23 . .  .i
for i s 1, 2, . . . , n.
Now, we can state the following corollary.
 .  .  .  .  .  .COROLLARY 4. If , in addition to A1 ] A4 , i 9, ii 9, iii , and iv are
 .satisfied, then system 1.1 is globally asymptotically stable.
 .  .  .  .Proof. Clearly i 9, ii 9 imply i , ii as required in Theorem 1, respec-
tively. So, all conditions of Theorem 1 are satisfied.
 .  .Remark 1. The conclusion 2.2 implies, that for any two solutions x ti
 .  .  .and y t , i s 1, . . . , n, of 1.1 and 1.2 , one hasi
< <lim x t y y t s 0, i s 1, 2, . . . , n , .  .i i
tª`
 .which means the global asymptotic stability of 1.1 . This could be seen
easily after writing the inequality
< < < < < <0 F x t y y t F x t y K t q y t y K t .  .  .  .  .  .i i i i i i
for i s 1, 2, . . . , n.
 .  .Remark 2. If k t s 0, i s 1, 2, . . . , n, for t G 0, then Eq. 2.1 will bei
 .  .the same as 1.1 . At the same time, 2.2 is reduced to the limit of the
 .difference of two solutions of Eq. 1.1 . Therefore, our method is more
w xgeneral than Kuang's one in 7 . It is worth noting that his method does
not work in the infinite delay case.
w xRemark 3. In comparison with Kuang's assumption 7, iv
n
< <c m ) c m , i s 1, . . . , n ,i i i j ji
js1, j/i
which, in scalar case, has the form
0
< < < <lim inf a t ) lim sup b t q lim sup k t , s ds, 2.24 .  .  .  .H1 111 11 /
tª` yttª` tª`11
 .we see that our assumption iii is weaker.
We have an example below to explain this case.
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EXAMPLE 1. Consider the scalar equation of the form
p p
< <x t s x t q cos t q t q arctan t .  .  .Ç  /  /6 4
p
y cos t q arctan t y t .  . /4
p
< <y q cos t q t x t q cos t x t y t 2.25 .  .  .  .  . /6
with the initial condition
< <x u s w u G 0 on yt F u F 0; w 0 ) 0; sup w u - `, .  .  .  .
ytFuF0
2.26 .
w xwhere t is a nonnegative constant and w g C yt , 0 .
 .  .  .  .Equation 2.25 is a kind of 1.1 providing that b x s x; r t s1 1
 <  . <.  .  .  ..pr6 q cos t q t pr4 q arctan t y cos t pr4 q arctan t y t ;
 . <  . <  .  .  .a t s pr6 q cos t q t ; b t s cos t; b t, s s 0; t t s t .1 111 11 111
 .  .  .  .  .  .  .Therefore, the assumptions A1 , A2 , A3 , A4 , i , ii , and iii are
 .  .satisfied for 2.25 ] 2.26 . Moreover, there is a suitable function of the
 .form K t s pr4 q arctan t such that
p pÇ < <K t s K t q cos t q t q arctan t .  .  . /  /6 4
p
y cos t q arctan t y t .  . /4
p
< <y q cos t q t K t q cos t K t y t .  .  .  . /6
K t .
q 2.27 .2pr4 q arctan t 1 q t .  .
for t G 0.
 .  .  .This equation is the form of 2.1 in which k t s 1r pr4 q arctan t
 2 . w .  . w .1 q t is bounded on 0, ` and k t g L 0, ` . Therefore, the last1
 .  .hypothesis iv of Theorem 1 holds. Hence, Eq. 2.25 is globally asymptoti-
wcally stable. We note that this property cannot be obtained by 7, Theorem
x  . <  . <2.1 because lim inf a t and lim sup b t are equal to pr6 andt ª` 1 t ª` 111
 .1, respectively. So, 2.24 does not hold. By the way, we can clarify our
 . w  . <  . <xhypothesis iii of Theorem 1 as lim inf a t y b t q t s pr6.t ª` 1 111
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 .COROLLARY 5. Under the hypotheses of Theorem 1, except iv , if there
 .Texists a constant ¨ector K s K , K , . . . , K such that K ) 0 and1 2 n i
li jn` `
r t y a t K q K b t q b t , s ds dt - ` .  .  .  . H Hi i i j i jl i j /0 0js1 ls1
2.28 .
for i s 1, 2, . . . , n, then
x t y K ª 0 as t ª `. 2.29 .  .i i
 .  .  .  .Proof. We can let K t ' K and k t s yr t q a t K yi i i i i i
n  l i j  . `  . .  .  . K  b t q H b t, s ds in 2.1 because K ) 0 and k t isjs1 j ls1 i jl 0 i j i i
 . w .bounded and also k t g L 0, ` for i s 1, 2, . . . , n. So, the corollary is ai i
simple consequence of Theorem 1.
w x  .  .Remark 4. A result of Freedman and Wu 1 states that if a t , b t ,
 .  .c t , t t are continuously differentiable, v-periodic functions, and
 .  .  .  .  .a t ) 0, b t ) 0, c t ) 0, t t G 0 for t g y`, ` , and the equation
a t y b t K t q c t K t y t t s 0 2.30 .  .  .  .  .  . .
 .has a positive, v-periodic, continuously differentiable solution K t , then
the scalar equation
x t s x t a t y b t x t q c t x t y t t 2.31 .  .  .  .  .  .  .  . .Ç
 .  .  . has a positive v-periodic solution Q t . Moreover, if b t ) c t Q t y
 ..  .. w x  .t t rQ t for all t g 0, v , then Q t is globally asymptotically stable
 .  .with respect to positive solutions of 2.31 . We note that when K t is a
 .  .  .constant in 2.1 and 2.30 as well, then Eq. 2.30 can be obtained from
 .  .Eq. 2.1 with k t ' 0. Furthermore, the conditions of Theorem 1, when
n s 1, are weaker than the ones mentioned above. For instance, in the
example
1 p
x t s x t r t y x t q x t y , 2.32 .  .  .  .  .Ç  /2 2
 .  . w xwhere r t s cos tr 2 q sin t q 1 q sin t q cos tr2. The result of 1 does
 .  . w .not work for 2.32 because r t is not positive on 0, ` . But our Theorem
 .1 where n s 1 can be applied to conclude that all solutions of 2.32 are
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 .globally asymptotically stable. Indeed, in this case K t s 2 q sin t is a
bounded and positive solution of the equation
1 pÇK t s K t r t y K t q K t y , .  .  .  .  /2 2
 .  .where k t ' 0. It is worth noting that solutions of Eq. 2.32 are asymptot-
ically periodic functions.
Now, we show the following example which consists of infinite delay.
EXAMPLE 2. Consider the scalar equation
3 1 p
x t s x t q y .  .Ç 2 ’2 1 q t 3 q 4 t
p 2 y1
q q arctan y cos t /’ ’ ’2 1 q t 3 q 4 t 3 q 4 t
`3 p x t y s .
y q x t q cos t x t y t q ds . .  .  . H 2 /’2 s y s q t q 12 1 q t 0
2.33 .
2 ’ ’ .  .  .Taking b x s x, r t s 3r2 q 1r 1 q t y pr 3 q 4 t q pr2 1 q t1 1
’ ’ ’ .  .  .q 2r 3 q 4 t arctan y1r 3 q 4 t y cos t, a t s 3r2 q pr2 1 q t ,1
 .  .  .  .b t s cos t, t t s t t is a nonnegative constant and b t, s s111 111 11
 2 .  .  .  .  .  .1r s y s q t q 1 in 1.1 , then the assumptions A1 , A2 , A3 , A4 ,
 .  .  .  .  .i , ii , and iii of Theorem 1 hold for 2.33 with 2.26 . On the other
 .hand, the function K t s 1 satisfies the equation
3 pÇK t s K t r t y q K t q cos t K t y t .  .  .  .  .  .1  /’2 2 1 q t
` K t y s ds 1 .
q y K t .H 2 2s y s q t q 1 1 q t0
 .for t G 0. It should be noted that this equation is the same as Eq. 2.1
 .  2 .with k t s y1r 1 q t which is bounded for t G 0 and belongs to1
w .  .L 0, ` . So the hypothesis iv is also satisfied. Hence, although 1 is not a1
 . <  . <  .saturated equilibrium of 2.33 , x t y 1 ª 0 as t ª ` where x t is a
 .  .solution of 2.33 ] 2.26 .
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